Consistent boundary conditions for Alexandrov-Kontsevich-Schwartz-Zaboronsky (AKSZ) sigma models and the corresponding boundary theories are analyzed. As their mathematical structures, we introduce a generalization of differential graded symplectic manifolds, called twisted QP manifolds, in terms of graded symplectic geometry, canonical functions, and QP pairs. We generalize the AKSZ construction of topological sigma models to sigma models with Wess-Zumino terms and show that all the twisted Poisson-like structures known in the literature can actually be naturally realized as boundary conditions for AKSZ sigma models. C 2014 AIP Publishing LLC. [http://dx
I. INTRODUCTION
A differential graded symplectic manifold (QP manifold) has been introduced from analysis of the Batalin-Vilkovisky formalism. 43 It was later used for a simple procedure for constructing topological sigma models by Alexandrov, Kontsevich, Schwarz, and Zaboronsky. 2 Following this, graded symplectic geometry has been of interest in both mathematics and physics due to its rich mathematical structures and links with a variety of topics; see Refs. 11, 39, 47, and 48. A Poisson manifold is naturally a QP manifold of degree 1. A Courant algebroid, which was introduced in Ref. 35 to describe the double of Lie bialgebroids, has a one-to-one correspondence to a QP manifold of degree 2. 39 The corresponding Alexandrov-Kontsevich-Schwartz-Zaboronsky (AKSZ) sigma models are the Poisson sigma model 23, 26, 42 and the Courant sigma model, 24, 41 respectively. Weaker versions of Poisson structures and variants of Lie algebroids and Courant algebroids are motivated by questions from quantum groups and field theories. For example, an extension of the Poisson sigma model by a Wess-Zumino (WZ) term naturally leads to WZ-Poisson manifolds, 29, 38 or equivalently, the Poisson structures with a 3-form background. 44 A similar structure was studied in the framework of the Courant algebroid theory. Hansen and Strobl 20 showed that a generalization of Courant algebroids with a 4-form arises naturally in the Courant sigma model with a Wess-Zumino term.
Our main result shows that all the twisted Poisson-like structures known in the literature can actually be naturally realized as (and so in a certain sense "are") boundary conditions for AKSZ sigma models. This result greatly clarifies the meaning of the otherwise rather obscure conditions defining a twisted Poisson-like structure.
To do this, we introduce a canonical function and a QP pair (a differential graded symplectic pair), which are generalizations of differential graded structures in graded symplectic geometry. This idea is inspired by analysis of the consistency of boundary conditions of AKSZ sigma models, 2, 8, 25, 41 which are topological sigma models constructed by supergeometric methods and a topological open membrane. 22, 38 A similar structure appears in the Batalin-Vilkovisky (BV) formalism of string field theory. 21 Another motivation comes from the canonical transformation in symplectic supergeometry, which is also called twisting. 40 It can be viewed as a higher analogue of a Poisson function, 33, 45 and it defines a generalization of the Dirac structure 12 . Moreover, a canonical function describes the boundary condition structures of the AKSZ sigma models, which have played key roles in the derivation of the deformation quantization from the Poisson sigma model. 30 and 7 A canonical function leads to the concept of a QP pair, which is a certain tower of two (twisted) differential graded symplectic manifolds. This unifies the various concepts that were separately analyzed above, and it includes many geometric structures such as the Lie (2-)algebras, the (twisted or quasi) Poisson structures, the (homotopy) Lie algebroids, the (twisted) Courant algebroids, the Nambu-Poisson structures, and others. Some of these will be used below as examples.
Analysis of a canonical transformation on a QP manifold naturally leads to what we call a twisted QP manifold. It is a mathematical framework for a unified understanding of the so-called Wess-Zumino terms, together with twisted Poisson-like structures. A general method to get a twisted QP manifold is given by the deformation theory. Some examples will be presented to illuminate this twisting process. Moreover a new geometric structure, the strong Courant algebroid, is proposed.
The defining structure of a QP pair guarantees consistency of the bulk structure and the boundary conditions. In general, a quantum theory on a manifold X in n + 1 dimensions with given boundaries may have the same structure as the corresponding quantum theory on the boundary ∂X in n dimensions. 3 When applying this so-called bulk-boundary correspondence of quantum field theories to the AKSZ sigma models, we find that it is necessary to extend the AKSZ sigma models to the "twisted" AKSZ sigma models. This is a generalization of the Chern-Simons/WZW correspondence. We propose an extension of the AKSZ construction to a twisted version via a map from twisted QP manifolds to topological sigma models.
There are recent works on similar topics. Twisted structures in the setting of L ∞ -algebras are analyzed in Refs. 17 and 18. There are studies that present formulations of AKSZ sigma models with boundaries. 9, 10, 15, 16, 28 The concept of QP pairs is used in the current algebra theory in Ref. 28 . In Ref. 34 , the twisted QP manifold introduced in this paper is shown to be a homotopy version of a QP manifold in the spirit of a homotopy Poisson manifold. The AKSZ sigma models have been reformulated by using derived geometry. 5, 37 This paper is organized as follows. In Sec. II, we review a QP manifold and an AKSZ sigma model without boundaries. In Sec. III, we analyze the AKSZ sigma models with boundaries and introduce canonical functions. In Sec. IV, we analyze a twisted QP manifold and present some examples. In particular, we propose a new algebroid, the (twisted) strong Courant algebroid. In Sec. V, we consider a physical application of a twisted QP manifold whose defining structure guarantees consistency of the corresponding AKSZ sigma models with boundaries. Bulkboundary correspondence of sigma models leads us to the concept of twisted AKSZ sigma models. Section VI summarizes our results and considers areas of future work.
II. QP MANIFOLDS AND AKSZ SIGMA MODELS

A. QP manifolds
A graded manifold M is a ringed space with a structure sheaf of a bZ-graded commutative algebra over an ordinary smooth manifold M. Grading is compatible with supermanifold grading, that is, a variable of even degree is commutative, and one of odd degree is anticommutative. By definition, the structure sheaf of M is locally isomorphic to
, where U is a local chart on M, V is a graded vector space, and S
• (V ) is a free graded commutative ring on V . Refer to Refs. 6 and 46 for the rigorous mathematical definition of objects in supergeometry.
An N-manifold (i.e., a nonnegatively graded manifold) M equipped with a graded symplectic structure ω of degree n is called a P-manifold of degree n, denoted by (M, ω). ω is also called a 43 We call the homological vector field Q the Q-structure. We also denote a QP manifold by the corresponding triple (M, ω, Q). For any QP manifold of positive degree, there exists a Hamiltonian function ∈ C ∞ (M) of Q with respect to the graded Poisson bracket { − , − }, that is,
Then, the homological condition, Q 2 = 0, implies that is a solution of the classical master equation,
Such a is also called a homological function.
B. AKSZ sigma models without boundaries
In this subsection, we review the AKSZ construction, 2, 8, 41 which is a systematic method for constructing a topological sigma model from a QP manifold. The resulting sigma model is called an AKSZ sigma model.
Let (X , D, μ) be a differential graded manifold X with a D-invariant nondegenerate measure μ, where D is a differential on X . Let (M, ω, Q) be a QP-manifold, and let Map(X , M) be the space of smooth maps from X to M.
Since Diff(X ) × Diff(M) naturally acts on Map(X , M), D and Q induce differentialsD andQ, respectively, on Map(X , M).
An evaluation map ev :
where v is a vector field on X and X μ is the Berezin integration on X . The composition μ * ev * :
Note that ω is nondegenerate and closed because the operation μ * ev* preserves these properties. The corresponding graded Poisson bracket on Map(X , M) is denoted by {−, −}.
A Q-structure function S on Map(X , M) is constructed as follows. S consists of two parts S := S 0 + S 1 . We take a canonical 1-form ϑ on M such that ω = − δϑ and define S 0 := ιDμ * ev * ϑ. Moreover, we define S 1 := μ * ev* , where is the homological function on M. Then we can prove that S is a homological function on Map(X , M), 
III. AKSZ SIGMA MODELS WITH BOUNDARIES
In this section, the geometric structure of the AKSZ sigma model on a base manifold X with a boundary is analyzed and proven to be described by a quintuple mathematical datum, (M, ω, , L, α). When n = 1, this corresponds to a topological open string and produces a deformation quantization formula. 7 When n ≥ 2, such theories describe topological open membranes.
38,22
A. Consistent boundary conditions
Let us take a manifold X in n + 1 dimensions with nonempty boundaries. Let (X = T [1]X, D, μ) be a differential graded manifold over X with a differential D and a compatible measure μ, and let (M, ω, ) be a QP manifold of degree n. Then the AKSZ construction produces a consistent topological sigma model on the mapping space Map(T [1]X, M), as long as the boundary conditions on ∂X are consistent with the QP structure of the whole theory. Generally the classical master equation is not satisfied because of the boundary terms. By Stokes' theorem, a straightforward computation gives
where μ ∂X is a boundary measure induced from μ to ∂X by the inclusion map i ∂ : ∂X −→ X . Since the classical master equation {S, S} = 0 must be satisfied for consistency of the theory, the right-hand side of Eq. (3.1) must vanish. From this observation, we have
Let us consider the physical constraints. S is a classical BV action in a physical theory. In order to derive the equation of motion from the variational principle in mechanics, the variation of S must vanish on the boundaries. This is satisfied if ϑ = 0 on Im ∂X . Since ω = − δϑ, this says that Im ∂X belongs to a subspace of a Lagrangian submanifold L ⊂ M that is the zero locus of ϑ = 0. This physical requirement turns Theorem 3.1 into the following condition on M:
We demonstrate that this is consistent with the variational principle by taking the Darboux coordinates of the superfields with respect to the P-structure ω on Map(X , M), where the superfields are pullbacks of the local coordinates on M by x * , the degree zero map
, and m is the floor function, which gives the largest integer less than or equal to m. The Poisson brackets of superfields are
and if n is even and i = j = n/2,
where
, then S takes the same form for odd or even n,
In order to derive the equations of motion of the superfields, the variation of S = S 0 + S 1 must vanish on the boundaries. The variation is δS = ∂X μ ∂X 0≤i≤(n−1)/2 (−1)
the equations of motion. Thus, we should impose the condition p a(i) δq a(i) = 0 on the boundary ∂X .
B. Canonical transformations and canonical functions
A physical theory can have boundary terms if the base manifold X has a boundary. We introduce boundary terms by a canonical transformation.
Let (M, ω, Q) be a QP manifold of degree n, and suppose that Q is generated by a Hamiltonian
Definition 3.3. For any function α of degree n, e δ α is called a canonical transformation.
Note that e δ α was called twisting in Ref. 40 . In addition, for any α of degree n,
. Now we introduce the canonical function.
Obviously if α is a canonical function on a QP manifold (M, ω, ), e δ α is a canonical transformation.
We make a canonical transformation e δ α by a function α of degree n. This changes a target QP manifold to (M, ω, α ), where the Q-structure is α = e δ α . Since the P-structure does not change, a new Q-structure S on Map(T [1]X, M) in the AKSZ sigma model becomes From Proposition 3.5, the mathematical structure of an AKSZ sigma model with a boundary is a quintuple (M, ω, , L, α).
The first three elements of the datum form a QP manifold (M, ω, ). The full quintuple is a QP manifold with a trivialization of ω and . The trivialization of ω, ω| L = 0 determines a Lagrangian submanifold L of M (we take the maximal L). Finally, we require a trivialization of , but this can be refined so that vanishes on L up to a canonical transformation e δ α , i.e., e δ α | L = 0 such that |α| = |ω|.
C. From canonical functions to boundary terms
We see that α corresponds to physical boundary terms in a special case. In Eq. (3.5), the geometric structure is equivalent even if we make the inverse canonical transformation on Map(X , M) for the P-structure in addition to that for the Q-structure. We then have an equivalent expression for the homological function:
The AKSZ sigma model is S , and its geometric structure defines the equivalent QP structure as the original S on Map(X , M). Let us consider the special case such that α satisfies {α, α} = 0. Then, since e −δ α ϑ = ϑ − {ϑ, α}, α generates a boundary term S ∂X = μ ∂X * (i ∂ × id) * ev * α by the following computation:
Here we have derived this equation from the formula {S 0 , −} = LD(−) and the Stokes' theorem,
where LD is a Lie derivative. Thus a canonical function leads to a boundary source term,
Physically, this sigma model describes a topological open membrane with boundary charges. 22, 38 Although general canonical functions can generate more complicated boundary terms which are not integrations of local Lagrangians, Proposition 3.5 says that these also provide physically consistent boundary deformations of the AKSZ sigma models.
In Sec. IV, we will focus on the underlying mathematical structure, a quintuple (M, ω, , L, α), and a generalization of QP manifolds, twisted QP manifolds, will be introduced and analyzed. Moreover, a new geometric structure, a QP pair, will be proposed.
IV. TWISTED HIGHER-DEGREE POISSON MANIFOLDS
A. Twisted QP manifolds
Let M be a QP manifold of degree n + 1, and let L be a Lagrangian submanifold. In this section, we concentrate on the structure on L. By the Lagrangian neighborhood theorem in symplectic geometry, the boundary condition in Proposition 3.
Here ω can denotes the canonical symplectic form on the shifted cotangent bundle T * [n + 1]L. Therefore, in the following, we will discuss a QP manifold of degree
, where L is an N-manifold of degree n. We may assume ω = ω can , but this is not necessary.
Let π :
is a graded Poisson bracket for any f, g ∈ C ∞ (L). Because {π *f, π *g} = 0 and { , } = 0, the bracket { − , − } is graded symmetric and satisfies the Leibniz rule and the Jacobi identity. Throughout this section, we assume that the derived bracket is nondegenerate. Then the bracket
. By the definition of canonical functions, we have
is a QP manifold of degree n. However, in general, the master equation is violated and controlled by the right-hand side of Eq. (4.2), which involves the homological function and the canonical function. This observation leads to the following definition.
where π :
In this case, we call (
The following proposition is an immediate consequence of the definition.
In Definition 4.1, it is not clear how to decide whether a given (
. Thus a QP pair is a good starting point for the analysis of twisted structures. We consider this problem in Sec. V in terms of the deformation theory of QP manifolds and the bulk-boundary correspondence of AKSZ sigma models.
B. Examples
Twisted QP manifolds contain many kinds of twisted higher Poisson structures, for example, the twisted Courant algebroids, Nambu-Poisson structures, and higher twisted algebroids. In this section, we show how known and new structures can be realized as twisted QP manifolds.
First, we give an illustrative example of a canonical function and a twisted QP manifold that is not a QP manifold.
, where M is a manifold and g is a quadratic Lie algebra. To define a twisted Q-structure on L, we define a homological function on the shifted cotangent bundle T * [2]L with a canonical symplectic structure ω. We take local coordinates on M, the fiber of T* [1] M, and g [1] , (x i , p i , u a ), respectively. The conjugate coordinates of the fiber of
where C ab c is a Lie algebra structure constant and R abc is a constant. Let H be a 3-form on M defined by H =
. is a homological function if and only if H is a closed 3-form on M and R is a Lie algebra 3-cocycle.
Let
, which is locally expressed by
Generally, α gives a Lie algebroid structure on T * M × g, as discussed in Ref. 36 . 
Example 4.2 (H 4 -twisted Courant algebroid). We consider an N-manifold
, where E −→ M is a vector bundle on a manifold M. We take local coordinates (
and conjugate local coordinates (ξ i , v a , q i ) of degree (3, 2, 1) on the fiber.
A graded symplectic structure is given by ω = δx
, which is locally expressed by {q i = ξ i = v a = 0}. Let us consider the following Q-structure satisfying | L = 0:
where k ab is a fiber metric on E. satisfies { , } = 0 if and only if dH = 0, where
This defines a Lie algebroid up to homotopy on T*E. 27 and 19 We take the following canonical function of degree 3,
. Straightforward calculations show that the canonical function equation e δ α | L = 0 produces the following identities:
is a QP manifold of degree 2. Equations (4.4), (4.5), and (4.6) are satisfied if and only if E is the Courant algebroid. 35, 39 The Dorfman bracket of the Courant algebroid is given by the derived-derived bracket on (E) by
Let us consider the general case where H = 0. Then the canonical function α satisfies , v a , q i , z a ) of degree (n, n − 1, 1, 2). The canonical graded symplectic structure of degree n is given by
We define a Lagrangian submanifold by
Then { , } = 0 produces dH = 0 and dC = 0, where
is a 2-form taking values in E*. We take the following canonical function α: 
Direct calculation shows that
Note that the derived bracket { − , − } is just the canonical nondegenerate Poisson bracket on
, we can define a bracket on (E⊗∧ n − 2 E*) by the derived-derived bracket: 
The n-vector field π ∈ (∧ n TM) is called the Nambu-Poisson tensor field, and it is defined as
Let us assume that the Nambu-Poisson tensor is decomposable. Then a canonical function for the Nambu-Poisson structure is constructed as a special case of Example 4.3, as follows. Consider
and conjugate local coordinates (ξ i , u I , q i , z I ) of degree (n, n − 1, 1, 2) on the fiber, where I is the multi-index I = (i 1 , i 2 , ···, i n − 1 ). The canonical graded symplectic structure of degree n can be expressed as
A Q-structure function is defined as
which automatically satisfies { , } = 0. defines the Dorfman bracket on TM⊕∧ n − 1 T*M 13 by the derived bracket [ − , − ] D = − {{ , − }, − }. We take the function α to be 
C. Strong Courant algebroids
Let E and A be two vector bundles on M. We consider an N-manifold [2] ). Let us take local coordinates (x i , u a , z p ) on M, E [1] , and A [2] , and local coordinates (ξ i , v a , w p ) of the fiber of T* [3] of degree (3, 2, 1), respectively.
A canonical graded symplectic structure is ω = δx
We define a Q-structure function as
where k ab is a fiber metric on E. { , } = 0 is equivalent to the following identities: 
Let the Lagrangian submanifold
, and let a canonical function of degree 3 with respect to the Lagrangian submanifold L be
where L is a Lagrangian submanifold with respect to the inverse canonical transformation of the P-structure, ω = −d(e −δ α ϑ). L is defined by
Substituting this equation into | L = 0, we obtain the conditions for the canonical function, as follows:
Now let us analyze the geometric structure defined by this canonical function. Let τ : E −→ A be the bundle map defined by the above τ r d on local charts. Moreover, we define the following operations by the derived-derived bracket: .18), (4.19) , and (4.20) for e 1 , e 2 , e 3 ∈ (E) and ξ 1 , ξ 2 ∈ (A*), we have Roughly speaking, a strong Courant algebroid is a Courant algebroid over a Lie algebroid. Obviously, any Courant algebroid is naturally a strong Courant algebroid.
Thus for any strong Courant algebroid, there exists a Courant algebroid associated with it.
Example 4.5. If M is a point, the strong Courant algebroid is a triple (g 1 , g 2 , τ ), where g 1 is a quadratic Lie algebra, g 2 is a Lie algebra, and τ is a homomorphism from g 1 to g 2 such that τ * (g * 2 ) is an isotropic subspace of g 1 . Any Lie bialgebra is an example of the strong Courant algebroid. 
T P⊕T * P G
). It is easy to confirm that
is a strong Courant algebroid. Following the discussion in Subsection IV A, we can easily generalize the strong Courant algebroid to the twisted version. For most of the concepts that appear in the Courant algebroids, parallels can be introduced in the strong Courant algebroids. The A-connections and morphisms between Lie algebroids 14 will play a key role in the further study of the strong Courant algebroids.
V. TWISTED QP MANIFOLDS AND BULK-BOUNDARY AKSZ SIGMA MODELS
A. QP manifolds as QP pairs
As a physical application, we will show how a QP pair encodes the bulk-boundary correspondence of AKSZ sigma models.
The following theorem justifies the view that a twisted QP manifold is a generalization of a QP manifold.
Theorem 5.1. A QP manifold is a twisted
From the theory of supergeometry, we have that a bivector field on L can be identified as a function on
which is similar to the formula for the usual Poisson bracket. Therefore the small Poisson bracket {−, −} L is rederived from the derived bracket of the big bracket.
Note
is a QP pair, and the original QP manifold L is its small QP manifold.
Let us describe it using a local coordinate. Let q i be a local coordinate of degree
There exists a local Darboux coordinate p i of degree |p i | on the fiber of
where { − , − } can is the Poisson bracket defined from the canonical graded symplectic form ω can on T
This construction shows that all the terms
Thus, α is a canonical function.
From the proof of this theorem, there exists a QP pair for any QP manifold.
B. Twisted QP manifolds from deformations
In this subsection, we show how twisted QP structures on L can be obtained by the deformation of the canonical on
As an application, we can add "fluxes" to L by deforming the corresponding canonical homological function on
This also leads to a common method for constructing a twisted QP manifold.
First, we take a P-manifold (L, ω L ) of degree n. 
Note that for a canonical , the terms | L and {{...{ , α}, ..., α}, α}| L on the right-hand side are equal to zero. However, the terms involving a higher bracket between and α, for example, 
C. Bulk-boundary correspondence of AKSZ sigma models
Generally, a kind of (topological) quantum field theory in n + 1 dimensions on X has the same physical constants as a quantum field theory in n dimensions on the boundary ∂X. Theorem 5.1 says that there is another QP manifold associated with any (twisted) QP manifold. Therefore, we obtain a pair of AKSZ sigma models associated with one QP manifold. This can be interpreted physically as the bulk-boundary correspondence (holographic correspondence) of physical models.
Let us take a QP pair (T
We obtain two AKSZ sigma models from these data. Let X be a manifold in n + 1 dimensions with boundaries. By the AKSZ construction, the original big QP manifold (T
defines an AKSZ sigma model with a boundary on X = T [1]X . A P-structure is given by ω = μ * ev * ω, and a Q-structure by (3.5) or, equivalently, by (3.6).
On the other hand, with the AKSZ construction, the small QP manifold (L,
where ω = − δϑ . These two AKSZ sigma models, which are constructed from one QP pair, have a canonical correspondence. Physical arguments show that the BV actions S and S L correspond. First we consider the bulk Q-structure function (3.5) on X . The Q-structure (5.3) on the Lagrangian submanifold L is obtained by using Stokes' theorem and integrating out the auxiliary superfields. (i.e., S and S L derive the same orbits of the equations of motion on ∂X .) The boundary P-structure is obtained as ω = − δϑ from the first term ιD ∂ X μ ∂X * ev * ϑ in the resulting Q-structure S L . This AKSZ sigma model on ∂X is equivalent to the one constructed from the small QP manifold.
The field configurations for the two AKSZ sigma models satisfy the following commutative diagram:
X is the inclusion of the boundary into the manifold, and i L is the inclusion as the zero section such that π • i L = id L . This demonstrates the bulk-boundary correspondence of AKSZ sigma models.
We denote a QP pair (T Schematically, the following diagram shows two procedures:
Thus, these two methods produce the same AKSZ sigma model AKSZ 0 ∂X ,L . In one method, we construct an AKSZ sigma model with a boundary and then reduce the theory to the boundary. In the other method, we reduce a QP pair to a small QP manifold and then construct an AKSZ sigma model.
Conversely, we can take a QP manifold of degree n,
Although in general, a big QP manifold is not unique to one small QP manifold, we can show that for any lift (T
, the resulting small AKSZ sigma models on L have the equivalent QP structures. The equivalence relation for for a fixed ω has the following physical interpretation in the AKSZ sigma models. Two Q-structure functions are equivalent,
have the same boundary conditions, that is, S bulk has the boundary condition such that S bulk | ∂X = 0.
D. Bulk-boundary correspondence of twisted AKSZ sigma models induced from general QP pairs
In this subsection, we consider general cases, i.e., {α L , α L } = 0. Given a QP pair, (
Let us consider the AKSZ sigma models. Let X be a manifold in n + 1 dimensions with a boundary. By the AKSZ construction in Subsection II B, there is an AKSZ sigma model with a boundary from
The Q-structure function is given in Eq. (3.5) . A boundary theory can be constructed by the method inspired by physical arguments. The field configurations for two AKSZ sigma models are required to satisfy the following commutative diagram:
We restrict the equations of motion of the big AKSZ sigma model on X to the boundary ∂X . The derived bracket P-structure and the Q-structure function on the Lagrangian submanifold Map(∂X , L) are constructed by using Stokes' theorem and integrating out the auxiliary superfields from the bulk Q-function S, in a manner similar to that for the AKSZ sigma model cases in Subsection V C. 38, 4 The P-structure on Map(∂X , L) is the same as the AKSZ construction on a small P-manifold.
The bulk Q-structure is expressed by Eq. (3.5), and we use the equivalent Q-structure function (3.6). By restricting Map(X , M) to orbits of solutions in the equations of motion with respect to the compliment space
by solving δ L ⊥ S = 0 and using Stokes' theorem, the bulk Q-structure S reduces to the boundary twisted Q-structure S L . We will demonstrate this procedure in Example 5.1. S L has extra terms that are not generated by the original AKSZ construction on Map(T [1]∂ X, L). A direct calculation shows that the boundary Q-structure function is the following untwisted Q-structure function plus extra terms: 
We call this construction of a topological sigma model, (Map(∂X , L), {−, −} L , S L ), the twisted AKSZ construction, and we call the resulting model the twisted AKSZ sigma model. The following schematic diagram expresses our construction procedure:
Here tQP 0 L is a twisted QP manifold on L and tAKSZ 0 ∂X ,L is a twisted AKSZ sigma model defined on the boundary ∂X . In one method, we construct an AKSZ sigma model with a boundary and then reduce the theory to the boundary. In the other method, we reduce a QP pair to a small twisted QP manifold and then construct a twisted AKSZ sigma model. The two methods produce the same twisted AKSZ sigma model tAKSZ
There is an ambiguity in the definition of an AKSZ sigma model pair because there is an ambiguity in how we should take a big QP manifold for a fixed twisted QP manifold. The cohomology class of for the big bracket determines the equivalence class of this ambiguity. In the language of sigma models, if S bulk | ∂X = 0 for S T * [n+1]L = S T * [n+1]L + S bulk on X , then S and S define the same boundary in the twisted AKSZ sigma models.
We will now show some examples of twisted AKSZ sigma models. where the boldface letters are superfields induced from the pullbacks by x * of corresponding local coordinates. If α = 0, the Q-structure function has the following form:
In order to obtain the equations of motion from the variational principle, we take the variation of S,
The equations of motion of ξ and q are obtained by integration by parts. Therefore, the boundary terms, −ξ i dδx i + q i dδ p i , must vanish: 
VI. SUMMARY AND FUTURE AREAS OF WORK
In this paper, we have analyzed the mathematical structures of the boundary conditions of AKSZ sigma models and boundary theories, and we have discussed the connections between canonical functions and QP pairs. We have proposed a new algebroid, the strong Courant algebroid.
However, we have not completely analyzed the properties of the solutions of the canonical function equations, the deformation theory, and the equivalence classes of the QP description of a twisted QP manifold. The deformation theory of QP structures will unify various classical and new structures, for example, the Nijenhuis structures on Lie algebras, the Courant-like algebroid structures in Poisson geometry, and others. 31 In order to understand the complete structures, we should consider the general classification of a QP pair (T
, which can be viewed as a simultaneous deformation of the homological function and the canonical function α.
In this paper, all of the examples derived from canonical functions are geometric. If we consider a QP manifold and a canonical function over a point, we can derive other kinds of algebraic structures. We will leave these as areas to investigate in future work.
The quantization of AKSZ sigma models with boundaries is the next step. Since AKSZ sigma models are topological field theories, a bulk AKSZ sigma model and the corresponding boundary theory should have the same physical partition functions and produce equivalent mathematical and physical information. This will not only describe the quantum membrane theories in physics but will also quantize a wide class of geometric structures.
